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PURPOSE: 


Provide an objective means of assisting the designer 

OF THE CONTROL SYSTEM FOR A LARGE FLEXIBLE SPACE 
STRUCTURE IN HIS CHOICE OF HOW MANY ACTUATORS AND 
SENSORS TO INCORPORATE IN THE SYSTEM^ AND WHERE TO 
LOCATE THEM ON THE STRUCTURE. 


WHAT WE NEED IS : 

0 A QUANTITATIVE MEASURE OF HOW WELL A SYSTEM CAN BE CONTROLLED 
WITH A SPECIFIED SET OF ACTUATORS 

0 A QUANTITATIVE MEASURE OF HOW WELL A SYSTEM CAN BE OBSERVED 
WITH A SPECIFIED SET OF SENSORS 

0 A MEANS OF RECOGNIZING THE EFFECTS OF COMPONENT FAILURES IN 
THESE MEASURES 

0 A MEANS OF OPTIMIZING THE LOCATIONS OF ACTUATORS AND SENSORS 
SO AS TO MAXIMIZE THESE MEASURES 
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A MEASURE OF THE DEO REE OF CONTROLLABILITY 


1. Find the minimum control energy strategy for driving the system 

FROM A GIVEN INITIAL STATE TO THE ORIGIN IN A PRESCRIBED TIME. 

2. Define the region of initial states which can be returned to the 

ORIGIN WITHIN SPECIFIED LIMITS ON CONTROL ENERGY AND TIME USING 
THE OPTIMAL STRATEGY. 

3. Define the Degree of Controllability to be some measure of the 
SIZE OF THIS region. 


STEP 1, MINIMUM ENEROy CONTROL 


1 I T 

Problem statement: Min E=^| u Rudt 

o 

subject to X = Ax + Bu 

x(0) , T given 

x(T) = 0 

Solution: u(t) = R~^ b'^ <5^)pp (t) (T) 

The partitions of the transition matrix for the system 


dt 
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STEP 2 . 


THE RECOVE R-Y RERION 


Using optimal control, the cost to return to the origin can be 
expressed : 

E = I xCO)"^ V(0)“^ x(0) 

with V = AU + VA*^ - BR“^ b’’ V(T) =0 


For specified values of time, T, and control energy, , the recovery 
region is the interior of the space bounded by the surface 


x(O)’^ V(0)"^ x(0) = 2 Eg 


STEP 3. THE SIZE OF THE RECOVERY RE CION 


First scale the state variables such that equal displacements In all 
directions are equally important. 


z = Dx 



where x. is the minimum initial value of x. one would like to be able 
min ^ 

to drive to the origin with constrained time and control energy. 
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STEP 3 (continued) 


Then define a weighted measure of the volume of the recovery region 
in the scaled space. 


vol . Vg * ^ (Vj - Vg) 


Vg = volume of the largest ^sphere which can be inscribed in the 
elliptical boundary of the recovery region 


V_ = volume of the recovery region 



V - V 
R S 


weighted volume. 


DC 


= 


Also 


Vr~ . (A.) 


where the are the eigenvalues of V(0)~^ D 
Alternatively 

TTi 

where the are the eigenvalues of DV(0)D. 

,n/2 


Then 


V_ ^ (l>. ) ' 

® %in 
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An analytic solution is available for V(0) . 


DEGREE OF CONTROLLflBILITT 
FOR R FREE -FREE BERM 


S First flexible mode only 



DEGREE OF CONTROLLRB I L 1 TT 
FOR fl FREE-FREE BERM 


Second flexible mode only 




DEC}REE OF CONTROLLABILITY 
FOR A FREE-FREE BEAM 


First and second flexible modes 



DEGREE OF CONTROLLABILITY 
FOR n FREE-FREE BEAM 


First and second flexible modes 




DEGREE 'OF CONTROLLABILITY 
FOR A FREE-FREE BERM 
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ONE MORE CONSIDERATION 


We want the measure of controllability to reflect the fact 

THAT A system WITH MORE ACTUATORS OF EQUAL EFFECTIVENESS HAS 
GREATER CONTROL CAPABILITY THAN ONE WITH FEWER ACTUATORS. 

The DC just defined is made proportional to the number of 

ACTUATORS PLACED AT THE SAME LOCATIONS IF THE ELEMENTS OF R 
ARE SCALED INVERSELY WITH THE NUMBER OF ACTUATORS. 

For DIAGONAL R^ CHOOSE Roj^j^ TO REFLECT THE RELATIVE COST OF 
THE DIFFERENT CONTROLS. ThEN 


m = total number of actuators 



A MEASU RE OF THE DECREE OF 
OBSERVABILITY 


1. In terms of an information matrix^ determine how much 

INFORMATION CAN BE DERIVED ABOUT THE SYSTEM STATE IN 
TIME Ij STARTING FROM ZERO INFORMATION^ USING THE GIVEN 
SET OF SENSORS. 

2. Define the Degree of Observability to be a measure of 

THE SIZE OF THIS INFORMATION MATRIX. 


STEP 1. THE INFORMATION MATRIX 


We want the Degree of Observability to be a property of the system^ 
NOT of the environment IN WHICH IT OPERATES. So DO NOT CONSIDER 
STATE DRIVING NOISE. 

Then 

■ T T -1 

J = - JA - A J + CM C 

J(0) = 0 

CORRESPONDING TO THE SYSTEM MODEL 

X = Ax + Bu 
Y_ = Cx + n 

n(t^)n(t2>'^ = N(5(t2-t^) 

An analytic solution is available for J(T). 
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STEP 2. THE SIZE OF THE MATRIX 


One way to measure the size of J(T) is to indicate the volume 

CONTAINED WITHIN THE SURFACE 
J(T)”^v = 1 

But the variables should be scaled to reflect the relative importance 

OF ERRORS IN THE DIFFERENT STATE VARIABLES, 
w = F V 



L ""maxj 

WHERE e. is THE MAXIMUM TOLERABLE ERROR IN THE ESTIMATE OF 
max 


The Degree of Observability is defined with respect to this volume 
IN THE SPACE OF EQUALLY IMPORTANT ERRORS (w) JUST AS THE DeGREE OF 
Controllability was defined for the volume of the recovery region 

IN THE SPACE OF EQUALLY IMPORTANT CONTROL CHARACTERISTICS. 

“ - \y'''s + ^ (''r - ''s> 

Vh- 

Vg = (12. 

WHERE THE ARE THE EIGENVALUES OF FJ(T)F. 
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DEGREE OF OBSERVABILITY 
„ FOR fl FREE-FREE BERM 

o 



DEGREE OF OBSERVABILITY 
FOR A FREE-FREE BERM 

First and second flexible modes 




RECOGNITION OF COMPONENT FAILURES IN 


THESE MEASURES 

Let f INDICATE THE STATE OF FAILURES AMONG THE ACTUATORS OR SENSORS. ThEN 
FOR EVERY £j DC(f) OR DO(f) CAN BE COMPUTED AS JUST DESCRIBED. 

From the statistical model for failures of the different components one can express 

P[f (t) = . 

The average^ over the mission period^ of the expected Degree of Controllability or 
Observability is taken as the final measure. 

T 

AD C = ^ / DC(t) dt 

= ^ r E Dc(f.) p[f(t) = f.] dt 

in J i 
o 

- Z DC(f.) f P[f(t) = f.] dt 
o 

The Degree of Observability is computed in the same way. 


First and second flexible modes 
2 actuators: 1 FIXED AT END 



il 
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OPTIMIZING COMPONENT LOCATIONS 


The average Degree of Controllability is a function of the choice of 

ACTUATOR LOCATIONSJ LET INDICATE THE VARIOUS ADMISSIB LE CHOICES. 

ADC ^ ADC (^) 

An optimization routine is required to find THE OPTIMUM LOCATIONS. 

ADC* = max ADC (j2.) 

The optimum sensor locations are defined in the same way using the 
AVERAGE Degree of Observability. 


CD 

CC 


a 

tE 


o 

u 


o 

UJ 

UJ 

oc 

o 

UJ 

o 


First and second flexible modes 
w 2 actuators: 1 fixed at end 
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CHOICE OF THE NUMBER OF COMPONENTS 


The optimum average Degree of Controllability is a function of 

THE NUMBER OF ACTUATORS IN THE SYSTEM. 

ADC* ^ ADC* (m) 

With the likely constraint that multiple actuators cannot be placed 
IN THE same location^ ADC*(m) SHOWS DIMINISHING RETURNS WITH 
INCREASING m. 

The same is true for the optimum average Degree of Observability. 
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